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PARTIAL DIFFERENTIAL SYSTEM IN TWO VARIABLES WITH
W (D
(1)
6 )−SYMMETRY AND THE GARNIER SYSTEM IN TWO
VARIABLES
BY
YUSUKE SASANO
Abstract. In this note, we will compare the Garnier system in two variables with four-
dimensional partial differential system in two variables with W (D
(1)
6 )-symmetry. Both
systems are different in each compactification in the variables q1, q2, however, has same
five holomorphy conditions in the variables p1, p2.
1. Motivation
In this note, we will compare the system (3) (which is equivalent to the Garnier system
in two variables) with four-dimensional partial differential system (15) in two variables
with W (D
(1)
6 )-symmetry. Both systems are different in each compactification in the vari-
ables q1, q2, however, has same five holomorphy conditions in the variables p1, p2.
Equation Garnier system (3) D
(1)
6 system (15)
Figure Figure 1 Figure 3
Condition of q1
(
1
q1
,−(p1q1 + p2q2 + α0)q1,
q2
q1
, p2q1
) (
1
q1
,−(p1q1 + α2)q1, q2, p2
)
Condition of q2
(
q1
q2
, p1q2,
1
q2
,−(p2q2 + p1q1 + α0)q2
) (
q1, p1,
1
q2
,−(p2q2 + α4)q2
)
others
(
−((q1 − t)p1 − α5)p1,
1
p1
, q2, p2
) (
−((q1 − t)p1 − α0)p1,
1
p1
, q2, p2
)
(
−((q1 − s)p1 − α4)p1,
1
p1
, q2, p2
) (
−((q1 − s)p1 − α1)p1,
1
p1
, q2, p2
)
(
− ((q1 − q2)p1 − α3) p1,
1
p1
, q2, p2 + p1
) (
− ((q1 − q2)p1 − α3) p1,
1
p1
, q2, p2 + p1
)
(
q1, p1,−((q2 − 1)p2 − α1)p2,
1
p2
) (
q1, p1,−((q2 − 1)p2 − α5)p2,
1
p2
)
(
q1, p1,−(q2p2 − α2)p2,
1
p2
) (
q1, p1,−(q2p2 − α6)p2,
1
p2
)
Holomorphy (2) (14)
Symmetry (8) (21)
We remark that each compactification can be obtained by successive blowing-ups and
blowing-downs (containing P2-flop) in 4-dimensional projective space P4, respectively (see
[14, 27]).
At first, in August in 2015 we constructed the system (15) by modifying the holomorphy
conditions (cf. [14]) of 2-coupled Painleve´ VI system of type D
(1)
6 . In those days, this
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system is doubted as padding out another time-variable s (cf. [19]). For the system
(15) we showed its Completely integrable, Holomorphy conditions and Affine Weyl group
symmetries.
Next, we constructed the system (3) by modifying the holomorphy conditions (14) (cf.
[14]) of D
(1)
6 system (15). By using the holomorphy condition(
q1
q2
, p1q2,
1
q2
,−(p2q2 + p1q1 + α0)q2
)
,(1)
we can make a change of variables (9) for the system (3) since the boundary conditions
in the variables p1, p2 for the system (3) is different from one of the Garnier system (10)
in two variables. Thanks to this transformation, we see that the system (3) is equivalent
to the Garnier system (10) in two variables.
It is still an open question whether from a viewpoint of higher-dimensional minimal
model both systems (10), (15) are different or not.
Moreover, it is also still an open question whether from the viewpoint of Lax pair both
systems (10), (15) are different or not (cf. [23]).
2. Garnier system in two variables
Holomorphy conditions
Define birational and symplectic transformations ri (i = 0, 1, . . . , 5) as follows:
r0 : (x0, y0, z0, w0) =
(
1
q1
,−(p1q1 + p2q2 + α0)q1,
q2
q1
, p2q1
)
,
r1 : (x1, y1, z1, w1) =
(
q1, p1,−((q2 − 1)p2 − α1)p2,
1
p2
)
,
r2 : (x2, y2, z2, w2) =
(
q1, p1,−(q2p2 − α2)p2,
1
p2
)
,
r3 : (x3, y3, z3, w3) =
(
− ((q1 − q2)p1 − α3) p1,
1
p1
, q2, p2 + p1
)
,
r4 : (x4, y4, z4, w4) =
(
−((q1 − s)p1 − α4)p1,
1
p1
, q2, p2
)
,
r5 : (x5, y5, z5, w5) =
(
−((q1 − t)p1 − α5)p1,
1
p1
, q2, p2
)
.
(2)
There exist two polynomials H1 and H2, such that the Hamiltonian system
(3)


dq1 =
∂H1
∂p1
dt+
∂H2
∂p1
ds, dp1 = −
∂H1
∂q1
dt−
∂H2
∂q1
ds,
dq2 =
∂H1
∂p2
dt+
∂H2
∂p2
ds, dp2 = −
∂H1
∂q2
dt−
∂H2
∂q2
ds
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is transformed into a polynomial Hamiltonian system under the action of each ri (i =
0, 1, . . . , 5), where two polynomial Hamiltonians H1, H2 are given by
(t− s)(t− 1)t(2α0 + α1 + α2 + α3 + α4 + α5)H1
= (t− 1){(q1 − s)(q1 − t)q1p
2
1 + α0(α0 + α1)q1 + p1((t− 1)(q1(α3 + α4)− sα3)
+ (2α0 + α1)(q1 − s)q1 + α2(q1 − s)(q1 − 1) + α3(q1 − s)− α4(s− 1)q1)}
− s{(q2 − t)(q2 − 1)q2p
2
2 + α0(α0 + α4)q2 + p2(2α0(q2 − 1)q2 + α1(t− 1)q2
+ α2t(q2 − 1) + α4(q2 − 1)q2)}
+ (q1 − s)(q1 − t)
2p21q2 + q1p
2
2(q2 − t)(q2 − 1)q2 + α0(α0q1q2 + α2tq1 + α4tq2)
+ p1(2p2(q1 − s)(q1 − t)(q2 − 1)q2 + 2α0(q1 − s)(q1 − t)q2 + α2(q1 − s)(q1 − 1)
+ α4(t− s)(q1 − t)q2) + p2(2α0q1(q2 − 1)q2 + α1(t− 1)q1q2 + α2tq1(q2 − 1) + α4t(q2 − 1)q2),
H2 = pi(H1), pi = {t↔ s, α4 ↔ α5}.
(4)
We note that the holomorphy conditions should be read that in the Hamiltonian H1
r5(H1 − p1)
are polynomials with respect to x5, y5, z5, w5, and in the Hamiltonian H2
r4(H2 − p1)
are polynomials with respect to x4, y4, z4, w4.
Completely integrable
(see Definition; page 134: On the polynomial Hamiltonian structures of the Garnier
systems; H. Kimura and K. Okamoto)
Proposition 2.1. Setting
(5) K1 := −H1 +
α0α2(Log(s− t)− Log(s− 1))
(2α0 + α1 + α2 + α3 + α4 + α5)(t− 1)2
, K2 := −H2.
Two Hamiltonians K1 and K2 satisfy
(6) {K1, K2}+
(
∂
∂s
)
K1 −
(
∂
∂t
)
K2 = 0,
where {, } denotes the Poisson brackets:
(7) {L1, L2} =
∂L1
∂p1
∂L2
∂q1
−
∂L1
∂q1
∂L2
∂p1
+
∂L1
∂p2
∂L2
∂q2
−
∂L1
∂q2
∂L2
∂p2
.
We note that the system (3) is invariant under the birational and symplectic transforma-
tions s0, s1, . . . , s8 defined as follows: with the notation (∗) := (q1, p1, q2, p2, t, s;α0, α1, . . . , α5):
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s0 : (∗)→
(
1
q1
,−(p1q1 + p2q2 + α0)q1,
q2
q1
, p2q1,
1
t
,
1
s
;α0, α3, α2, α1, α4, α5
)
,
s1 : (∗)→
(
q1, p1, q2, p2 −
α1
q2 − 1
, t, s;α0 + α1,−α1, α2, α3, α4, α5
)
,
s2 : (∗)→
(
q1, p1, q2, p2 −
α2
q2
, t, s;α0 + α2, α1,−α2, α3, α4, α5
)
,
s3 : (∗)→
(
q1, p1 −
α3
q1 − q2
, q2, p2 +
α3
q1 − q2
, t, s;α0 + α3, α1, α2,−α3, α4, α5
)
,
s4 : (∗)→
(
q1, p1 −
α4
q1 − s
, t, s; ;α0 + α4, α1, α2, α3,−α4, α5
)
,
s5 : (∗)→
(
q1, p1 −
α5
q1 − t
, t, s;α0 + α5, α1, α2, α3, α4,−α5
)
,
s6 : (∗)→(q1, p1, q2, p2, s, t;α0, α1, α2, α3, α5, α4),
s7 : (∗)→(1− q1,−p1, 1− q2,−p2, 1− t, 1− s;α0, α2, α1, α3, α4, α5),
s8 : (∗)→(
(s − t)(−q1 + sq2)
(s − 1)(t− q1 + sq2 − tq2)
,−
(s− 1)(t− q1 + sq2 − tq2)(tp1 − q1p1 − q2p2 − α0)
(s− t)t
,
(t− s)q2
−t+ q1 − sq2 + tq2
,
(t− q1 + sq2 − tq2)(p2 + sp1 − q1p1 − q2p2 − α0)
s− t
,
s− t
s− 1
,
s
s− 1
;
α0, α5, α2, α3, α4, α1).
(8)
The group < s0, s6, s7, s8 > is isomorphic to symmetric group of degree five.
The transformation s0 can be exchanged the constant parameters α1 and α3. The
diagonal accessible singular curve C3(∼= P
1) and the accessible singular curve C1(∼= P
1)
(see (25), Figure 1.) can be transformed by the transformation s0.
We remark that thanks to the transformation (9), we can obtain well-known Tsuda’s
transformation (see [30, 31, 32, 33]).
We note that the system (3) has the following invariant divisors:
parameter’s relation invariant divisor
α0 = 0 f
(1)
0 := p1, f
(2)
0 := p2
α1 = 0 f1 := q2 − 1
α2 = 0 f2 := q2
α3 = 0 f3 := q1 − q2
α4 = 0 f4 := q1 − s
α5 = 0 f5 := q1 − t
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C3
C0
C5
C6C1
r5
r4
r3
r1
r2
r0
1
q1
1
q2
1
p1
1
p2
Figure 1. This figure denotes the boundary divisor HKim of SKim, where
the symbol SKim denotes a Hirzebruch manifold constructed by K. Kimura
(see [24, 25]). The bold lines Ci (i = 0, 1, 3, 5, 6) (see (25)) in H
Kim denote
the accessible singular loci of the system (3).
Proposition 2.2. The birational and symplectic transformation ϕ:
(9)


Q1 =
q1 − q2
(s− 1)q2
,
P1 =(s− 1)p1q2,
Q2 =
s(q2 − 1)
(s− 1)q2
,
P2 =
(s− 1)q2(q1p1 + q2p2 + α0)
s
,
T =
t− 1
s− 1
,
S =
s(t− 1)
t(s− 1)
takes the system (3) into the Garnier system in two variables with canonical polynomial
Hamiltonians L1, L2; (see [4, 24, 25, 27, 22, 28])
dq1 =
∂L1
∂p1
dt+
∂L2
∂p1
ds, dp1 = −
∂L1
∂q1
dt−
∂L2
∂q1
ds,
dq2 =
∂L1
∂p2
dt+
∂L2
∂p2
ds, dp2 = −
∂L1
∂q2
dt−
∂L2
∂q2
ds,
L1 = HV I(q1, p1, t;α1 + α5, α2, α0, α4, α3)
−
α1s
t(t− s)
q1p1 +
(s− 1)q2p2(2q1p1 − α3)
(t− s)(t− 1)
−
t(q1p1 − α3)p1q2 + s(q2p2 − α1)q1p2
t(t− s)
+
{2(q1p1 + α0) + q2p2 + α2}q1q2p2
t(t− 1)
,
L2 = pi(L1),
(10)
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1
q1
1
q2
1
p2
1
p1
r0
r3
r2
r5 r4
r1
Figure 2. Hirzebruch manifold defined by H. Kimura and some accessible singularities
where the transformation pi is explicitly given by
pi :(q1, p1, q2, p2, t, s;α0, α1, α2, α3, α4, α5)→ (q2, p2, q1, p1, s, t;α0, α3, α2, α1, α4, α5),(11)
where for notational convenience, we have renamed Qi, Pi, T, S to qi, pi, t, s (which are not
the same as the previous qi, pi, t, s).
Here, the symbol HV I denotes
HV I(q, p, t; β0, β1, β2, β3, β4) =
1
t(t− 1)
[p2(q − t)(q − 1)q − {(β0 − 1)(q − 1)q + β3(q − t)q
+ β4(q − t)(q − 1)}p+ β2(β1 + β2)(q − t)] (β0 + β1 + 2β2 + β3 + β4 = 1).
(12)
We note that this system admits the following holomorphy conditions;
r0 : x0 =
1
q1
, y0 = −(q1p1 + q2p2 + α0)q1, z0 =
q2
q1
, w0 = q1p2,
r1 : x1 = q1, y1 = p1, z1 = −(q2p2 − α1)p2, w1 =
1
p2
,
r2 : x2 =
1
q1
, y2 = −(q1p1 + q2p2 + α2 + α0)q1, z2 =
q2
q1
, w2 = q1p2,
r3 : x3 = −(q1p1 − α3)p1, y3 =
1
p1
, z3 = q2, w3 = p2,
r4 : x4 = −((q1 + q2 − 1)p1 − α4)p1, y4 =
1
p1
, z4 = q2, w4 = p2 − p1,
r5 : x5 = −((q1 + tq2/s− t)p1 − α5)p1, y5 =
1
p1
, z5 = q2, w5 = p2 −
tp1
s
.
(13)
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3. D
(1)
6 system
Holomorphy conditions
Define birational and symplectic transformations Ri (i = 0, 1, . . . , 6) as follows:
R0 : (x0, y0, z0, w0) =
(
−((q1 − t)p1 − α0)p1,
1
p1
, q2, p2
)
,
R1 : (x1, y1, z1, w1) =
(
−((q1 − s)p1 − α1)p1,
1
p1
, q2, p2
)
,
R2 : (x2, y2, z2, w2) =
(
1
q1
,−(p1q1 + α2)q1, q2, p2
)
,
R3 : (x3, y3, z3, w3) =
(
− ((q1 − q2)p1 − α3) p1,
1
p1
, q2, p2 + p1
)
,
R4 : (x4, y4, z4, w4) =
(
q1, p1,
1
q2
,−(p2q2 + α4)q2
)
,
R5 : (x5, y5, z5, w5) =
(
q1, p1,−((q2 − 1)p2 − α5)p2,
1
p2
)
,
R6 : (x6, y6, z6, w6) =
(
q1, p1,−(q2p2 − α6)p2,
1
p2
)
.
(14)
There exist two polynomials H
D
(1)
6
1 and H
D
(1)
6
2 , such that the Hamiltonian system
(15)


dq1 =
∂H
D
(1)
6
1
∂p1
dt+
∂H
D
(1)
6
2
∂p1
ds, dp1 = −
∂H
D
(1)
6
1
∂q1
dt−
∂H
D
(1)
6
2
∂q1
ds,
dq2 =
∂H
D
(1)
6
1
∂p2
dt+
∂H
D
(1)
6
2
∂p2
ds, dp2 = −
∂H
D
(1)
6
1
∂q2
dt−
∂H
D
(1)
6
2
∂q2
ds
is transformed into a polynomial Hamiltonian system under the action of each Ri (i =
0, 1, . . . , 6), where two polynomial HamiltoniansH
D
(1)
6
1 , H
D
(1)
6
2 are given by (cf. [22, 19, 14])
H
D
(1)
6
1 = HV I(q1, p1, t, s;α0, α1, α2, α3 + 2α4 + α5, α3 + α6)
+HV I(q2, p2, t, s;α0 + 2α2 + α3, α1 + α3, α4, α5, α6)
+
2(q1 − s)q2{(q1 − t)p1 + α2}{(q2 − 1)p2 + α4}
(α0 + α1 + 2α2 + 2α3 + 2α4 + α5 + α6)t(t− 1)(t− s)
,
H
D
(1)
6
2 = pi(H
D
(1)
6
1 ), pi = {t↔ s, α0 ↔ α1}.
(16)
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The symbol HV I(q, p, t, η; β0, β1, β2, β3, β4) denotes (see [14])
t(t− 1)(t− η)HV I(q, p, t, η; β0, β1, β2, β3, β4)
= q(q − 1)(q − η)(q − t)p2 + {β1(t− η)q(q − 1) + 2β2q(q − 1)(q − η)
+ β3(t− 1)q(q − η) + β4t(q − 1)(q − η)}p
+ β2{(β1 + β2)(t− η) + β2(q − 1) + β3(t− 1) + tβ4}q, (β0 + β1 + 2β2 + β3 + β4 = 1).
(17)
We note that the holomorphy conditions should be read that in the Hamiltonian H1
R0(H1 − p1)
are polynomials with respect to x0, y0, z0, w0, and in the Hamiltonian H2
R1(H2 − p1)
are polynomials with respect to x1, y1, z1, w1.
Completely integrable
Proposition 3.1. Setting
(18) K1 := −H1 +
(α2α3 + α2α6 + α4α6)(Log(s− t)− Log(s− 1))
(α0 + α1 + 2α2 + 2α3 + 2α4 + α5 + α6)(t− 1)2
, K2 := −H2.
Two Hamiltonians K1 and K2 satisfy
(19) {K1, K2}+
(
∂
∂s
)
K1 −
(
∂
∂t
)
K2 = 0,
where {, } denotes the Poisson brackets:
(20) {L1, L2} =
∂L1
∂p1
∂L2
∂q1
−
∂L1
∂q1
∂L2
∂p1
+
∂L1
∂p2
∂L2
∂q2
−
∂L1
∂q2
∂L2
∂p2
.
We note that the system (15) admits affine Weyl group symmetry of type D
(1)
6 as the
group of its Ba¨cklund transformations, whose generators s0, s1, . . . , s6, pij (j = 1, 2, 3)
PARTIAL DIFFERENTIAL SYSTEM IN TWO VARIABLES 9
defined as follows: with the notation (∗) := (q1, p1, q2, p2, t, s;α0, α1, . . . , α6):
s0 : (∗)→
(
q1, p1 −
α0
q1 − t
, q2, p2, t, s;−α0, α1, α2 + α0, α3, α4, α5, α6
)
,
s1 : (∗)→
(
q1, p1 −
α1
q1 − s
, q2, p2, t, s;α0,−α1, α2 + α1, α3, α4, α5, α6
)
,
s2 : (∗)→
(
q1 +
α2
p1
, p1, q2, p2, t, s;α0 + α2, α1 + α2,−α2, α3 + α2, α4, α5, α6
)
,
s3 : (∗)→
(
q1, p1 −
α3
q1 − q2
, q2, p2 +
α3
q1 − q2
, t, s;α0, α1, α2 + α3,−α3, α4 + α3, α5, α6
)
,
s4 : (∗)→
(
q1, p1, q2 +
α4
p2
, p2, t, s; ;α0, α1, α2, α3 + α4,−α4, α5 + α4, α6 + α4
)
,
s5 : (∗)→
(
q1, p1, q2, p2 −
α5
q2 − 1
, t, s;α0, α1, α2, α3, α4 + α5,−α5, α6
)
,
s6 : (∗)→
(
q1, p1, q2, p2 −
α6
q2
, t, s;α0, α1, α2, α3, α4 + α6, α5,−α6
)
,
pi1 : (∗)→(
(t− 1)q1
t− q1 − ts+ tsq1
,
(−t+ q1 + ts− tsq1)(tp1 − q1p1 − α2 − tsp1 + tsq1p1 + α2ts)
t(t− 1)(s − 1)
,
(t− 1)q2
t− q2 − ts+ tsq2
,
(−t+ q2 + ts− tsq2)(tp2 − q2p2 − α4 − tsp2 + tsq2p2 + α4ts)
t(t− 1)(s − 1)
,
s(t− 1)
t− s− ts+ ts2
,
1
s
;α1, α0, α2, α3, α4, α5, α6),
pi2 : (∗)→(1− q1,−p1, 1− q2,−p2, 1− t, 1− s;α0, α1, α2, α3, α4, α6, α5),
pi3 : (∗)→(
t(q2 − s)
t(q2 − s) + s2(t− q2)
,
(t(q2 − s) + s
2(t− q2))(t(q2 − s)p2 + α4(t− s
2) + s2(t− q2)p2)
ts2(t− s)
,
t(q1 − s)
t(q1 − s) + s2(t− q1)
,
(t(q1 − s) + s
2(t− q1))(t(q1 − s)p1 + α2(t− s
2) + s2(t− q1)p1)
ts2(t− s)
,
−
(s − 1)t
t− ts+ s2(t− 1)
,−
1
s− 1
;α5, α6, α4, α3, α2, α0, α1).
(21)
We remark that the system (15) has the following invariant divisors:
parameter’s relation invariant divisor
α0 = 0 f0 := q1 − t
α1 = 0 f1 := q1 − s
α2 = 0 f2 := p1
α3 = 0 f3 := q1 − q2
α4 = 0 f4 := p2
α5 = 0 f5 := q2 − 1
α6 = 0 f6 := q2
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Y3 W4
C3
C0
C5
C6C1
r0
r1
r3
r5
r6
r2
r4
Figure 3. This figure denotes the boundary divisor H of S (see [14]). The
bold lines Ci i = 0, 1, 3, 5, 6 (see (25)) in H denote the accessible singular
loci of the system (15).
We note that when α2 = 0, we see that the system (15) admits a particular solution
p1 = 0, and when α3 = 0, after we make the birational and symplectic transformation:
(22) x3 = q1 − q2, y3 = p1, z3 = q2, w3 = p2 + p1
we see that the system (15) admits a particular solution x3 = 0.
The Ba¨cklund transformations of the system of type D
(1)
6 satisfy
(23) si(g) = g +
αi
fi
{fi, g}+
1
2!
(
αi
fi
)2
{fi, {fi, g}}+ · · · (g ∈ C(t)[q1, p1, q2, p2]),
where {, } is the Poisson bracket such that {pi, qj} = δij (see [18]).
Since these Ba¨cklund transformations have Lie theoretic origin, similarity reduction of
a Drinfeld-Sokolov hierarchy admits such a Ba¨cklund symmetry (see [28]).
4. Appendix A: Accessible singularities of the system (15)
In order to consider the singularity analysis for the system (15), as a compactification of
C4 which is the phase space of the system (15), we take 4-dimensional complex manifold
S given in the paper [14]. This manifold can be considered as a generalization of the
Hirzebruch surface.
We easily see that the rational vector field v˜ associated with the system (15) satisfies
the condition:
(24) v˜ ∈ H0(S,ΘS(− logH)(H)).
We remark that in each coordinate system (Xi, Yi, Zi,Wi), (i = 1, 2, 5) (see (26)), the
right hand-sides of the system (15) are polynomial.
We also remark that this rational vector field associated with the system (15) has a
pole along only divisor H, whose order is one.
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The rational vector field v˜ associated with the system (15) has five accessible singular
curves Ci ∼= P
1 (i = 0, 1, 3, 5, 6):
(25)


C0 ={(X3, Y3, Z3,W3)|X3 = t, Y3 = W3 = 0}
∪
{
(X8, Y8, Z8,W8)|X8 =
1
t
, Y8 = W8 = 0
}
∼= P1,
C1 ={(X3, Y3, Z3,W3)|X3 = s, Y3 =W3 = 0}
∪
{
(X8, Y8, Z8,W8)|X8 =
1
s
, Y8 = W8 = 0
}
∼= P1,
C3 ={(X3, Y3, Z3,W3)|X3 = Z3, Y3 = 0,W3 = −1}
∪ {(X8, Y8, Z8,W8)|X8 = Z8, Y8 = 0,W8 = −1} ∼= P
1,
C5 ={(X4, Y4, Z4,W4)|Y4 = 0, Z4 = 1,W4 = 0}
∪ {(X9, Y9, Z9,W9)|Y9 = 0, Z9 = 1,W9 = 0} ∼= P
1,
C6 ={(X4, Y4, Z4,W4)|Y4 = Z4 = W4 = 0}
∪ {(X7, Y7, Z7,W7)|Y7 = Z7 =W7 = 0} ∼= P
1,
Singular curve C0 C1
Ratio of local index [2,0,1] (dim. 3) [2,0,1] (dim. 3)
Singular curve C3 C5 C6
Ratio of local index [2,0,1] (dim. 3) [0,1,2] (dim. 3) [0,1,2] (dim. 3)
Here, the coordinate systems (Xi, Yi, Zi,Wi) (i = 1, 2, . . . , 11) (see [14]) are given by
(X1, Y1, Z1,W1) =
(
1
q1
,−(p1q1 + α2)q1, q2, p2
)
, (X2, Y2, Z2,W2) =
(
q1, p1,
1
q2
,−(p2q2 + α4)q2
)
,
(X3, Y3, Z3,W3) =
(
q1,
1
p1
, q2,
p2
p1
)
, (X4, Y4, Z4,W4) =
(
q1,
p1
p2
, q2,
1
p2
)
,
(X5, Y5, Z5,W5) =
(
1
q1
,−(p1q1 + α2)q1,
1
q2
,−(p2q2 + α4)q2
)
,
(X6, Y6, Z6,W6) =
(
1
q1
,−
1
(q1p1 + α2)q1
, q2,−
p2
(q1p1 + α2)q1
)
,
(X7, Y7, Z7,W7) =
(
1
q1
,−
(p1q1 + α2)q1
p2
, q2,
1
p2
)
,
(X8, Y8, Z8,W8) =
(
1
q1
,−
1
(p1q1 + α2)q1
,
1
q2
,
(p2q2 + α4)q2
(p1q1 + α2)q1
)
,
(X9, Y9, Z9,W9) =
(
1
q1
,
(p1q1 + α2)q1
(p2q2 + α4)q2
,
1
q2
,−
1
(p2q2 + α4)q2
)
,
(X10, Y10, Z10,W10) =
(
q1,
1
p1
,
1
q2
,−
(p2q2 + α4)q2
p1
)
,
(X11, Y11, Z11,W11) =
(
q1,−
p1
(p2q2 + α4)q2
,
1
q2
,−
1
(p2q2 + α4)q2
)
.
(26)
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5. Appendix B: Painleve´ scheme of D
(1)
6 system
Let us consider the system of the first order ordinary differential equations of polynomial
type:
(27)


∂x
∂t
= f1(x, y, z, w),
∂y
∂t
= f2(x, y, z, w),
∂z
∂t
= f3(x, y, z, w),
∂w
∂t
= f4(x, y, z, w),
where fi ∈ C(t, s)[x, y, z, w] and deg(fi) = 5 with respect to x, y, z, w.
We assume that associated vector field v
v =
∂
∂t
+ f1(x, y, z, w)
∂
∂x
+ f2(x, y, z, w)
∂
∂y
+ f3(x, y, z, w)
∂
∂z
+ f4(x, y, z, w)
∂
∂w
belongs in
(28) v ∈ H0(S,ΘS(− logH)(H)).
Here, the complex manifold S is given in the paper [14] (see Section 4). This manifold
can be considered as a generalization of the Hirzebruch surface.
This condition is equivalent to the following:
(1) Holomorphy in the coordinate systems (x1, y1, z1, w1) = (1/x,−(xy + α2)x, z, w),
(x2, y2, z2, w2) = (x, y, 1/z,−(wz + α4)z).
(2) In the coordinate system (X, Y, Z,W ) = (x, 1/y, z, w/y), the differential system
(27) must be taken of the form:
(29)


∂X
∂t
=
F1(X, Y, Z,W )
Y
,
∂Y
∂t
= F2(X, Y, Z,W ),
∂Z
∂t
=
F3(X, Y, Z,W )
Y
,
∂W
∂t
=
F4(X, Y, Z,W )
Y
(Fi ∈ C(t, s)[X, Y, Z,W ]).
(3) In the coordinate system (X, Y, Z,W ) = (x, y/w, z, 1/w), the differential system
(27) must be taken of the form:
(30)


∂X
∂t
=
G1(X, Y, Z,W )
W
,
∂Y
∂t
=
G2(X, Y, Z,W )
W
,
∂Z
∂t
=
G3(X, Y, Z,W )
W
,
∂W
∂t
= G4(X, Y, Z,W ) (Gi ∈ C(t, s)[X, Y, Z,W ]).
We easily see that the system (27) satisfying the condition (28) has forty undetermined
coefficients.
For the system (27) satisfying the condition (28), we give the following Painleve´ scheme
(see [36]):
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(31)

Accessible singular loci C0 C1 C3 C5 C6
(In each coordinate origin P0 ∈ C0 P1 ∈ C1 P3 ∈ C3 P5 ∈ C5 P6 ∈ C6, )
Continued Ratio of Local index

n11
0



n21
0



n5n6
0



n41
0



n31
0




(ni ∈ C),
where each of the curves C0, C1, C5, C6 is a P
1-fiber in the surface P1 × P1 and the curve
C3 is its diagonal component.
Here, 

C0 ={(X3, Y3, Z3,W3)|X3 = t, Y3 = W3 = 0} ⊂ P
1,
C1 ={(X3, Y3, Z3,W3)|X3 = s, Y3 =W3 = 0} ⊂ P
1,
C3 ={(X3, Y3, Z3,W3)|X3 = Z3, Y3 = 0,W3 = −1} ⊂ P
1,
C5 ={(X4, Y4, Z4,W4)|Y4 = 0, Z4 = 1,W4 = 0} ⊂ P
1,
C6 ={(X4, Y4, Z4,W4)|Y4 = Z4 = W4 = 0} ⊂ P
1,
and 

P0 ={(X3, Y3, Z3,W3) = (t, 0, 0, 0)},
P1 ={(X3, Y3, Z3,W3) = (s, 0, 0, 0)},
P3 ={(X3, Y3, Z3,W3) = (0, 0, 0,−1)},
P5 ={(X4, Y4, Z4,W4) = (0, 0, 1, 0)},
P6 ={(X4, Y4, Z4,W4) = (0, 0, 0, 0)}.
The coordinate systems (Xi, Yi, Zi,Wi) (i = 1, 2, . . . , 11) (cf. [14]) are given in (26) in
Section 4.
For example, the eigenvalues of the matrix of linear approximation around the accessible
singular point P0 is given by (n1f(t, s), f(t, s), 0, f(t, s)), whose continued ratio is
(32)
(
n1f(t, s)
f(t, s)
,
0
f(t, s)
,
f(t, s)
f(t, s)
,
)
= (n1, 0, 1),
where f(t, s) ∈ C(t, s).
Then, we can obtain the following eigenvalues’s relations.
Proposition 5.1. The eigenvalues ni, (i = 1, 2, . . . , 6) in (31) satisfy the following
relations:
(33)
{
n1n2(2n3n4 − n3 − n4)− n5(2n1n2 − n1 − n2)(n3 − 1)n4 = 0,
(n3 − 1)n6 = 1,
where D
(1)
6 case is (n1, n2, n3, n4, n5, n6) = (2, 2, 2, 2, 2, 1).
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We remark that by making a change of variables
(34) N5 =
2n1n2n3n4n5
2n1n2n3(n4 − n5)− (n1 + n2)n3n4n5 − n1n2n3 − n1n2n4 − n1n4n5 − n2n4n5
the first equation in (33) can be transformed into the equation (cf. [5, 6, 36])
(35)
1
n1
+
1
n2
+
1
n3
+
1
n4
+
1
N5
= 1.
Here, the eigenvalue’s relation;
(36)
1
n1
+
1
n2
+
1
n3
+
1
n4
+
1
n5
= b (b ∈ C)
can be transformed into a one-parameter family of quintic hypersurfaces (see [34]);
(37) x51 + x
5
2 + x
5
3 + x
5
4 + x
5
5 − bx1x2x3x4x5 = 0,
where we can make a change of variables:
n1 =
x2x3x4x5
x41
, n2 =
x1x3x4x5
x42
, n3 =
x1x2x4x5
x43
, n4 = −
x1x2x3x4x5n5
x1x2x3x4x5 − (x54 + x
5
5)n5
.
(38)
In general, the eigenvalue’s relation (cf. [5, 6]);
(39)
1
n1
+
1
n2
+ · · ·+
1
nN
= b (b ∈ C)
can be transformed into a one-parameter family of Calabi-Yau hypersurfaces;
(40) xN1 + x
N
2 + · · ·+ x
N
N − bx1x2 · · ·xN = 0,
where we can make a change of variables:
n1 =
x2x3 · · ·xN
xN−11
, n2 =
x1x3 · · ·xN
xN−12
, · · · , nN−2 =
x1 · · ·xN−3xN−1xN
xN−1N−2
,
nN−1 = −
x1x2 · · ·xNnN
x1x2 · · ·xN − (xNN−1 + x
N
N)nN
.
(41)
We will call these eigenvalues’s relations Painleve´-Cosgrove relations (cf. [5, 6, 36]).
6. Appendix C: Holomorphy of the system of type D
(1)
6
In this appendix, we list some holomorphy conditions of the system of type D
(1)
6 .
Hamiltonians H
(1)
0 = r0(H
D
(1)
6
1 − p1), H
(2)
0 = r0(H
D
(1)
6
2 ), r0 : x = −((q1 − t)p1 −
α0)p1, y =
1
p1
, z = q2, w = p2
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r00 : x0 = −(q1p1 − α0)p1, y0 =
1
p1
, z0 = q2, w0 = p2,
r01 : x1 = q1 +
α1 − α0
p1
+
s− t
p21
, y1 = p1, z1 = q2, w1 = p2,
r02 : x2 = −(q1p1 − α2 − α0)p1, y2 =
1
p1
, z2 = q2 w2 = p2,
r03 : x3 = q1 +
α3 − α0
p1
+
q2 − t
p21
, y3 = p1, z3 = q2, w3 = p2 +
1
p1
,
r04 : x4 = q1, y4 = p1, z4 =
1
q2
, w4 = −(p2q2 + α4)q2,
r05 : x5 = q1, y5 = p1, z5 = −((q2 − 1)p2 − α5)p2, w5 =
1
p2
,
r06 : x6 = q1, y6 = p1, z6 = −(q2p2 − α6)p2, w6 =
1
p2
,
where r03
(
H
(1)
0 +
1
p1
)
, r01
(
H
(1)
0 +
1
p1
)
, r01
(
H
(2)
0 −
1
p1
)
. Here, for notational convenience,
we have renamed (x, y, z, w) to (q1, p1, q2, p2) (which are not the same as the previous
(q1, p1, q2, p2)). It is still an open question whether the transformation r
0
3 can be considered
as its auto-Ba¨cklund transformation or not.
We remark that each of transformations like r03 is a Ba¨cklund transformation for the
Noumi-Yamada system of type A
(1)
5 and Garnier system in two variables, respectively.
We note that we will construct the transformation r03.
Step 1: We make a change of variables:
X(1) = q1p
2
1, Y
(1) = p1, Z
(1) = q2, W
(1) = p2p1.
Step 2: We blow up along the curve {(X(1), Y (1), Z(1),W (1))|X(1) = t − Z(1), Y (1) =
0, W (1) = −1}:
X(2) =
X(1) − (t− Z(1))
Y (1)
, Y (2) = Y (1), Z(2) = Z(1), W (2) =
W (1) + 1
Y (1)
.
Step 3: We blow up along the surface {(X(2), Y (2), Z(2),W (2))|X(2) = −(α3−α0), Y
(2) =
0}:
X(3) =
X(2) + α3 − α0
Y (2)
, Y (3) = Y (2), Z(3) = Z(2), W (3) = W (2).
By taking the coordinate system as
(x3, y3, z3, w3) = (X
(3), Y (3), Z(3),W (3)),
we can obtain the coordinate system r03.
Hamiltonians H
(1)
6 = r6(H
D
(1)
6
1 ), H
(2)
6 = r6(H
D
(1)
6
2 ), r6 : x = q1, y = p1, z =
−(q2p2 − α6)p2, w =
1
p2
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r60 : x0 = −((q1 − t)p1 − α0)p1, y0 =
1
p1
, z0 = q2, w0 = p2,
r61 : x1 = −((q1 − s)p1 − α1)p1, y1 =
1
p1
, z1 = q2, w1 = p2,
r62 : x2 =
1
q1
, y2 = −(p1q1 + α2)q1, z2 = q2 w2 = p2,
r63 : x3 = q1, y3 = p1 +
1
p2
, z3 = q2 +
α3 − α6
p2
+
q1
p22
, w3 = p2,
r64 : x4 = q1, y4 = p1, z4 = −(q2p2 − α4 − α6)p2, w4 =
1
p2
,
r65 : x5 = q1, y5 = p1, z5 = q2 +
α5 − α6
p2
+
1
p22
, w5 = p2,
r66 : x6 = q1, y6 = p1, z6 = −(q2p2 − α6)p2, w6 =
1
p2
,
where r60
(
H
(1)
6 − p1
)
, r61
(
H
(2)
6 − p1
)
.
We remark that by making a change of variables (qi, pi) and αj , the following transfor-
mation s65 associated with r
6
5 becomes a Ba¨cklund transformation:
s65 : (∗)→
(
−q1,−p1,−
(
q2 +
α5 − α6
p2
+
1
p22
)
,−p2, 1− t, 1− s;α0, α1, α2, α3, α4, α6, α5
)
.
(42)
We remark that for the Hamiltonian system with polynomial Hamiltonians H
(1)
6 , H
(2)
6
we can obtain another holomorphy conditions explicitly given by r6i (i = 0, 1, 2, 4, 5, 6)
and r˜63 : x3 = −
((
q1 +
q2
p21
)
p1 −
2q2(p2p1+1)
p1
− (α3 − α6)
)
p1, y3 =
1
p1
, z3 =
q2
p21
, w3 =
(p2p1 + 1)p1.
By these conditions, we can recover the polynomial Hamiltonians H
(1)
6 , H
(2)
6 .
We note that we will construct the transformation r˜63.
Step 1: We make a change of variables:
X(1) = q1, Y
(1) =
1
p1
, Z(1) =
q2
p21
, W (1) = p2p1.
Step 2: We blow up along the curve {(X(1), Y (1), Z(1),W (1))|X(1) = −Z(1), Y (1) =
0, W (1) = −1}:
X(2) =
X(1) + Z(1)
Y (1)
, Y (2) = Y (1), Z(2) = Z(1), W (2) =
W (1) + 1
Y (1)
.
Step 3: We blow up along the surface {(X(2), Y (2), Z(2),W (2))|X(2) = 2Z(2)W (2)+α3−
α6, Y
(2) = 0}:
X(3) =
X(2) − (2Z(2)W (2) + α3 − α6)
Y (2)
, Y (3) = Y (2), Z(3) = Z(2), W (3) =W (2).
By choosing a new coordinate system as
(x3, y3, z3, w3) = (−X
(3), Y (3), Z(3),W (3)),
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1
p1
1
p2
1
q2
1
q1
r063
r062
r064 r
06
5
r060
r066
r061
Figure 4. Accessible singular loci of the system with Hamiltonians H
(1)
06 , H
(2)
06
we can obtain the coordinate system r˜63.
Hamiltonians H
(1)
3 = r˜3(H
D
(1)
6
1 ), H
(2)
3 = r˜3(H
D
(1)
6
2 ), r˜3 : x = q1, y = p1 + p2, z =
−((q2 − q1)p2 − α3)p2, w =
1
p2
r30 : x0 = −((q1 − t)p1 − α0)p1, y0 =
1
p1
, z0 = q2, w0 = p2,
r31 : x1 = −((q1 − s)p1 − α1)p1, y1 =
1
p1
, z1 = q2, w1 = p2,
r32 : x2 = q1 +
α2p2
p1p2 − 1
, y2 = p1, z2 = q2 +
α2p1
p1p2 − 1
w2 = p2,
r33 : x3 = q1, y3 = p1, z3 = −(q2p2 − α3)p2, w3 =
1
p2
,
r34 : x4 = q1, y4 = p1, z4 = −(q2p2 − α4 − α3)p2, w4 =
1
p2
,
r35 : x5 = q1, y5 = p1 −
1
p2
, z5 = q2 +
α5 − α3
p2
+
1− q1
p22
, w5 = p2,
r36 : x6 = q1, y6 = p1 −
1
p2
, z6 = q2 +
α6 − α3
p2
−
q1
p22
, w6 = p2,
where r30
(
H
(1)
3 − p1
)
, r31
(
H
(2)
3 − p1
)
.
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Hamiltonians H
(1)
06 = r06(H
D
(1)
6
1 − p1), H
(2)
06 = r06(H
D
(1)
6
2 ), r06 : x = −((q1 − t)p1 −
α0)p1, y =
1
p1
, z = −(q2p2 − α6)p2, w =
1
p2
r060 : x0 = −(q1p1 − α0)p1, y0 =
1
p1
, z0 = q2, w0 = p2,
r061 : x1 = q1 +
α1 − α0
p1
+
s− t
p21
, y1 = p1, z1 = q2, w1 = p2,
r062 : x2 = −(q1p1 − α2 − α0)p1, y2 =
1
p1
, z2 = q2 w2 = p2,
r063 : x3 = q1 + q2 +
2q2p2 + α3 − α0 − α6
p1
−
t
p21
, y3 = p1, z3 = q2p
2
1, w3 =
p2 + p1
p21
,
r064 : x4 = q1, y4 = p1, z4 = −(q2p2 − α4 − α6)p2, w4 =
1
p2
,
r065 : x5 = q1, y5 = p1, z5 = q2 +
α5 − α6
p2
+
1
p22
, w5 = p2,
r066 : x6 = q1, y6 = p1, z6 = −(q2p2 − α6)p2, w6 =
1
p2
,
where r061
(
H
(1)
06 +
1
p1
)
, r063
(
H
(1)
06 +
1
p1
)
, r061
(
H
(2)
06 −
1
p1
)
.
We remark that the transformation r063 is not its auto-Ba¨cklund transformation. It is
still an open question whether the transformation r063 can be considered as the transfor-
mation denoted by the symbol ⊙ in the Oshima’s paper (see [20]).
It is also still an open question whether we can obtain the Hamiltonian system with
H
(1)
06 , H
(2)
06 by solving 4 × 4 Lax pair (cf. [22, 20, 19]) satisfying the following Riemann
scheme:
(43)


X = 0 X = 1 X = t X =∞
0
0
0
θ1
0
0
θ2
θ2
0
0
θ3
θ3
α0
α2 + α0
α6
α4 + α6

 .
Here, we will conjecture the following relations between Riemann data and Holomorphy
conditions r06i (i = 0, 1, . . . , 6);

X = 0
0
0
0
θ


⇐⇒ Holomorphy condition r063 ,


X = 1, t
0
0
θ
θ


⇐⇒ Holomorphy conditions r061 , r
06
5 ,


X =∞
α0
α2 + α0
α6
α4 + α6


⇐⇒ Holomorphy conditions


r060
r062
r066
r064

 .
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We hope to call the HamiltoniansH
(1)
06 , H
(2)
06 south Hamiltonians. Here, we will construct
the transformation r063 .
It is known that the transformation r06 can be obtained by doing P
2-flip in the boundary
of the variables p1, p2.
Step 1: We make a change of variables:
X(1) = q1p
2
1, Y
(1) = p1, Z
(1) = q2p
2
1, W
(1) =
p2
p1
.
Step 2: We blow up along the curve {(X(1), Y (1), Z(1),W (1))|X(1) = −Z(1) + t, Y (1) =
0, W (1) = −1}:
X(2) =
X(1) + Z(1) − t
Y (1)
, Y (2) = Y (1), Z(2) = Z(1), W (2) =
W (1) + 1
Y (1)
.
Step 3: We blow up along the surface {(X(2), Y (2), Z(2),W (2))|X(2) = −2Z(2)W (2) +
α0 − α3 + α6, Y
(2) = 0}:
X(3) =
X(2) + 2Z(2)W (2) − α0 + α3 − α6
Y (2)
, Y (3) = Y (2), Z(3) = Z(2), W (3) =W (2).
By taking the coordinate system as
(x3, y3, z3, w3) = (X
(3), Y (3), Z(3),W (3)),
we can obtain the coordinate system r063 .
We note that the coordinate system (X(1), Y (1), Z(1),W (1)) can be obtained by the
following transformations;
Step 1: We take the following coordinate system (see Figure 4):
x(1) =
1
q1
, y(1) = p1, z
(1) =
q2
q1
, w(1) = p2.
Step 2: We blow up along the surface {(x(1), y(1), z(1), w(1))|x(1) = y(1) = 0}:
x(2) =
x(1)
y(1)
, y(2) = y(1), z(2) = z(1), w(2) = w(1).
Step 3: We blow up along the surface {(x(2), y(2), z(2), w(2))|x(2) = y(2) = 0}:
x(3) =
x(2)
y(2)
, y(3) = y(2), z(3) = z(2), w(3) = w(2).
Step 4: We blow up along the surface {(x(3), y(3), z(3), w(3))|x(3) = z(3) = 0}:
x(4) = x(3), y(4) = y(3), z(4) =
z(3)
x(3)
, w(4) = w(3).
Step 5: We make a change of variables (see [17]):
x(5) =
1
x(4)
, y(5) = y(4), z(5) = z(4), w(5) = w(4).
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H
D
(1)
6
H0 H6
H06 H˜36
r0 r6
r6 r0
r063
r˜63
North
South
Figure 5. Relation between Hamiltonians H
D
(1)
6
and H0, H6, H06, H˜36
We see that
(X(1), Y (1), Z(1),W (1)) = (x(5), y(5), z(5), w(5)) = (q1p
2
1, p1, q2p
2
1, p2).
Finally, we construct the holomorphy conditions of the Hamiltonian system with poly-
nomial Hamiltonians H˜
(1)
36 = r˜
6
3(H
(1)
6 ), H˜
(2)
36 = r˜
6
3(H
(2)
6 ),
r˜63 : x = −
((
q1 +
q2
p21
)
p1 −
2q2(p2p1+1)
p1
− (α3 − α6)
)
p1, y =
1
p1
, z = q2
p21
, w = (p2p1 + 1)p1.
These conditions are seven birational and symplectic transformations explicitly given by
R36i (i = 0, 1, . . . , 6):
R360 :x0 = q1 −
2q2p2 − α0 + α3 − α6
p1
+
t
p21
, y0 = p1, z0 =
q2
p21
, w0 = p2p
2
1,
R361 :x1 = q1 −
2q2p2 − α1 + α3 − α6
p1
+
s
p21
, y1 = p1, z1 =
q2
p21
, w1 = p2p
2
1,
R362 :x2 = −
((
q1 −
q2
p21
)
p1 −
2q2(p2p1 − 1)
p1
− (α2 + α3 − α6)
)
p1, y2 =
1
p1
,
z2 =
q2
p21
w2 = (p2p1 − 1)p1,
R363 :x3 = −
((
q1 −
q2
p21
)
p1 −
2q2(p2p1 − 1)
p1
− (α3 − α6)
)
p1, y3 =
1
p1
,
z3 =
q2
p21
, w3 = (p2p1 − 1)p1,
R364 :x4 = q1, y4 = p1, z4 = −(q2p2 − α4 − α6)p2, w4 =
1
p2
,
R365 :x5 = q1 +
(α5 − α6)p2
p1p2 − 1
+
p22
(p1p2 − 1)2
, y5 = p1,
z5 = q2 +
(α5 − α6)p1
p1p2 − 1
+
1
(p1p2 − 1)2
, w5 = p2,
R366 :x6 = q1, y6 = p1, z6 = −(q2p2 − α6)p2, w6 =
1
p2
,
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1
p1
1
p2
1
q2
1
q1
r360 , r
36
1
r362
r364
r365
r363
r366
Figure 6. Accessible singular loci of the system with Hamiltonians H
(1)
36 , H
(2)
36
where R360
(
H˜
(1)
36 −
1
p1
)
, R361
(
H˜
(2)
36 −
1
p1
)
.
Hamiltonians H
(1)
03 = r03(H
D
(1)
6
1 − (p1 + p2)), H
(2)
03 = r03(H
D
(1)
6
2 ), r03 : x = −((q1 −
t)(p1 + p2)− α0)(p1 + p2), y =
1
p1+p2
, z = −((q2 − q1)p2 − α3)p2, w =
1
p2
r030 : x0 = −(q1p1 − α0)p1, y0 =
1
p1
, z0 = q2, w0 = p2,
r031 : x1 = q1 +
α1 − α0
p1
+
s− t
p21
, y1 = p1, z1 = q2, w1 = p2,
r032 : x2 =
1
q1
, y2 = −((p1 − p2)q1 + α2)q1, z2 = q2 + q1 w2 = p2,
r033 : x3 = q1, y3 = p1, z3 = −(q2p2 − α3)p2, w3 =
1
p2
,
r034 : x4 = q1, y4 = p1, z4 = −(q2p2 − α4 − α3)p2, w4 =
1
p2
,
r035 : x5 = q1p
2
2, y5 =
p1 − p2
p22
, z5 = q2 − q1 +
2q1p1 + α5 − α0 − α3
p2
+
1− t
p22
, w5 = p2,
r036 : x6 = q1p
2
2, y6 =
p1 − p2
p22
, z6 = q2 − q1 +
2q1p1 + α6 − α0 − α3
p2
−
t
p22
, w6 = p2,
where r031
(
H
(1)
03 +
1
p1
)
, r035
(
H
(1)
03 +
1
p2
)
, r036
(
H
(1)
03 +
1
p2
)
, r031
(
H
(2)
03 −
1
p1
)
.
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Hamiltonians H
(1)
36 = r36(H
D
(1)
6
1 ), H
(2)
36 = r36(H
D
(1)
6
2 ), r36 : x = −((q1 − q2)p1 −
α3)p1, y =
1
p1
, z = −(q2(p2 + p1)− α6)(p2 + p1), w =
1
p2+p1
r360 : x0 = q1p
2
2, y0 =
p1 − p2
p22
, z0 = q2 − q1 +
2q1p1 + α0 − α3 − α6
p2
+
t
p22
, w0 = p2,
r361 : x1 = q1p
2
2, y1 =
p1 − p2
p22
, z1 = q2 − q1 +
2q1p1 + α1 − α3 − α6
p2
+
s
p22
, w1 = p2,
r362 : x2 = −(q1p1 − α2 − α3)p1, y2 =
1
p1
, z2 = q2 w2 = p2,
r363 : x3 = −(q1p1 − α3)p1, y3 =
1
p1
, z3 = q2, w3 = p2,
r364 : x4 =
1
q1
, y4 = −((p1 − p2)q1 + α4)q1, z4 = q2 + q1, w4 = p2,
r365 : x5 = q1, y5 = p1, z5 = q2 +
α5 − α6
p2
+
1
p22
, w5 = p2,
r366 : x6 = q1, y6 = p1, z6 = −(q2p2 − α6)p2, w6 =
1
p2
,
where r360
(
H
(1)
36 −
1
p2
)
, r361
(
H
(2)
36 −
1
p2
)
.
By doing augmentation theory by N. Tahara (see [11]), we can also obtain the Hamil-
tonians r364 (H
(1)
36 ), r
36
4 (H
(2)
36 ).
Hamiltonians H
(1)
364 = r
36
4 (H
(1)
36 ), H
(2)
364 = r
36
4 (H
(2)
36 ), r
36
4 : x4 =
1
q1
, y4 = −((p1−p2)q1+
α4)q1, z4 = q2 + q1, w4 = p2
r3640 : x0 = x4w
2
4, y0 =
y4
w24
, z0 = z4 +
2x4y4 + α0 − (α3 + α6)
w4
+
t
w24
, w0 = w4,
r3641 : x1 = x4w
2
4, y1 =
y4
w24
, z1 = z4 +
2x4y4 + α1 − (α3 + α6)
w4
+
s
w24
, w1 = w4,
r3642 : x2 =
1
q1
, y2 = −(p1q1 + α2 + α3 + α4)q1, z2 = q2, w2 = p2,
r3643 : x3 =
1
q1
, y3 = −(p1q1 + α3 + α4)q1, z3 = q2, w3 = p2,
r3644 : x4 =
1
q1
, y4 = −(p1q1 + α4)q1, z4 = q2, w4 = p2,
r3645 : x5 = q1, y5 = p1, z5 = q2 +
α5 − α6
p2
+
1
p22
, w5 = p2,
r3646 : x6 = q1, y6 = p1 −
α6q2
q1q2 − 1
, z6 = q2, w6 = p2 −
α6q1
q1q2 − 1
,
where r3640
(
r3644 (H
(1)
364)−
1
w4
)
, r3641
(
r3644 (H
(2)
364)−
1
w4
)
.
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H
D
(1)
6
H3 H6
H36 H˜36
r3 r6
r6
r360
R06
North
South
H364 = r
36
4 (H36)
Augmentation
H ′6
H˜
D
(1)
6
r6
ϕ
R06 : x3 = −
((
q1 +
q2
p21
)
p1 −
2q2(p2p1+1)
p1
− (α0 − α6)
)
p1, y3 =
1
p1
,
ϕ : x = q1 + q2 + t, y = p1, z = q2, w = p2 − p1
z3 =
q2
p21
, w3 = (p2p1 + 1)p1
r360 : x0 = q1 − q2 +
2q2p2+α0−α3−α6
p1
+ t
p21
, y0 = p1,
z0 = q2p
2
1, w0 =
p2−p1
p21
Figure 7. Relation between Hamiltonians H
D
(1)
6
and H3, H6, H36, H˜36, H364
For the Hamiltonians H
(1)
35 = r35(H
D
(1)
6
1 ), H
(2)
35 = r35(H
D
(1)
6
2 ), r35 : x = −((q1 − q2)p1 −
α3)p1, y =
1
p1
, z = −((q2 − 1)(p2 + p1) − α5)(p2 + p1), w =
1
p2+p1
, we can obtain its
holomorphy conditions by the same way.
Holomorphy conditions
r3 x3 = −((q1 − q2)p1 − α3)p1, y3 =
1
p1
, z3 = q2, w3 = p2 + p1
r˜3 x˜3 = q1, y˜3 = p1 + p2, z˜3 = −((q2 − q1)p2 − α3)p2, w˜3 =
1
p2
r03 x3 = q1 +
α3−α0
p1
+ q2−t
p21
, y3 = p1, z3 = q2, w3 = p2 +
1
p1
r˜63 x3 = −
((
q1 +
q2
p21
)
p1 −
2q2(p2p1+1)
p1
− (α3 − α6)
)
p1, y3 =
1
p1
, z3 =
q2
p21
, w3 = (p2p1 + 1)p1
r063 x3 = q1 + q2 +
2q2p2+α3−α0−α6
p1
− t
p21
, y3 = p1, z3 = q2p
2
1, w3 =
p2+p1
p21
In the above table, we summarize some holomorphy conditions associated with the trans-
formation r3.
7. Appendix D: Fuji-Suzuki system
Holomorphy conditions
Define birational and symplectic transformations ri (i = 0, 1, . . . , 6) as follows:
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r0 : (x0, y0, z0, w0) =
(
−((q1 − q2)p1 − β0)p1,
1
p1
, q2, p2 + p1
)
,
r1 : (x1, y1, z1, w1) =
(
1
q1
,−(q1p1 + β1)q1, q2, p2
)
,
r2 : (x2, y2, z2, w2) =
(
−((q1 − t)p1 − β2)p1,
1
p1
, q2, p2
)
,
r3 : (x3, y3, z3, w3) =
(
−(q1p1 + q2p2 − β3)p1,
1
p1
, q2p1,
p2
p1
)
,
r4 : (x4, y4, z4, w4) =
(
q1, p1,−((q2 − s)p2 − β4)p2,
1
p2
)
,
r5 : (x5, y5, z5, w5) =
(
q1, p1,
1
q2
,−(p2q2 + β5)q2
)
,
r6 : (x6, y6, z6, w6) =
(
−((q1 − 1)p1 + (q2 − 1)p2 − β6)p1,
1
p1
, (q2 − 1)p1,
p2
p1
)
.
(44)
There exist two polynomials HFS1 and H
FS
2 , such that the Hamiltonian system
(45)


dq1 =
∂HFS1
∂p1
dt+
∂HFS2
∂p1
ds, dp1 = −
∂HFS1
∂q1
dt−
∂HFS2
∂q1
ds,
dq2 =
∂HFS1
∂p2
dt+
∂HFS2
∂p2
ds, dp2 = −
∂HFS1
∂q2
dt−
∂HFS2
∂q2
ds
is transformed into a polynomial Hamiltonian system under the action of each ri (i =
0, 1, . . . , 6), where two polynomial Hamiltonians HFS1 , H
FS
2 are given by (cf. [35, 22, 19])
HFS1 = HV I(q1, p1, t, s; β2, β0 + β4, β1, β5 + β6, β3 + β5)
+HV I(q2, p2, t, s; β0 + β2, β4, β5, β1 + β6, β1 + β3)
+
(q1 − t)(q2 − s){2(q1p1 + β1)(q2p2 + β5)− (q1p1 + β1)p2 − (q2p2 + β5)p1}
(β0 + 2β1 + β2 + β3 + β4 + 2β5 + β6)t(t− 1)(t− s)
−
2β1β5s
(β0 + 2β1 + β2 + β3 + β4 + 2β5 + β6)(t− 1)(t− s)
,
HFS2 = pi(H
FS
1 ), pi = {q1 ↔ q2, p1 ↔ p2, t↔ s, β1 ↔ β5, β2 ↔ β4}.
(46)
The symbol HV I(q, p, t, η; γ0, γ1, γ2, γ3, γ4) denotes (see [14])
t(t− 1)(t− η)HV I(q, p, t, η; γ0, γ1, γ2, γ3, γ4)
= q(q − 1)(q − η)(q − t)p2 + {γ1(t− η)q(q − 1) + 2γ2q(q − 1)(q − η)
+ γ3(t− 1)q(q − η) + γ4t(q − 1)(q − η)}p
+ γ2{(γ1 + γ2)(t− η) + γ2(q − 1) + γ3(t− 1) + tγ4}q, (γ0 + γ1 + 2γ2 + γ3 + γ4 = 1).
(47)
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We note that the holomorphy conditions should be read that in the Hamiltonian HFS1
r2(H
FS
1 − p1)
are polynomials with respect to x2, y2, z2, w2, and in the Hamiltonian H
FS
2
r4(H
FS
2 − p2)
are polynomials with respect to x4, y4, z4, w4.
We see that the birational and symplectic transformation ϕ:
(48)


Q1 =
1− q1
q1
, P1 = −(p1q1 + β1)q1, Q2 =
1− q2
q2
, P2 = −(p2q2 + β5)q2,
T =
1− t
t
, S =
1− s
s
takes the system (45) into Fuji-Suzuki system (see [35]) when S = 1.
We remark that the relations between αi (i = 0, 1, . . . , 5), η (see [35]) and βj (j =
0, 1, . . . , 6) are explicitly given as follows:
α3 = β1 + β3 + β5 + β6, η = β1 + β3 + β5,
α0 = β0, α1 = β1, α2 = β2, α4 = β4, α5 = β5.
(49)
Of course, αi and βj satisfy the relation:
α0 + α1 + α2 + α3 + α4 + α5 = β0 + 2β1 + β2 + β3 + β4 + 2β5 + β6 = 1.(50)
Completely integrable
Proposition 7.1. Setting
(51) K1 := −H1 +
β3(β1 + β5)(Log(s− t) − Log(s− 1))
(β0 + 2β1 + β2 + β3 + β4 + 2β5 + β6)(t− 1)2
, K2 := −H2.
Two Hamiltonians K1 and K2 satisfy
(52) {K1,K2}+
(
∂
∂s
)
K1 −
(
∂
∂t
)
K2 = 0,
where {, } denotes the Poisson brackets:
(53) {L1, L2} =
∂L1
∂p1
∂L2
∂q1
−
∂L1
∂q1
∂L2
∂p1
+
∂L1
∂p2
∂L2
∂q2
−
∂L1
∂q2
∂L2
∂p2
.
We remark that on new constant complex parameters βj (j = 0, 1, . . . , 6) the Hamil-
tonian system (45) is invariant under these birational and symplectic transformations
s0, s1, . . . , s9 (cf. Appendix B in [35]), whose generators are defined as follows: with the
notation (∗) := (q1, p1, q2, p2, t, s; β0, β1, . . . , β6);
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s0 : (∗)→
(
q1, p1 −
β0
q1 − q2
, q2, p2 +
β0
q1 − q2
, t, s;−β0, β1 + β0, β2, β3 − β0, β4, β5 + β0, β6 − β0
)
,
s1 : (∗)→
(
q1 +
β1
p1
, p1, q2, p2, t, s;β0 + β1,−β1, β2 + β1, β3 + β1, β4, β5, β6 + β1
)
,
s2 : (∗)→
(
q1, p1 −
β2
q1 − t
, q2, p2, t, s;β0, β1 + β2,−β2, β3, β4, β5, β6
)
,
s3 : (∗)→ (
q1(−q1p1 + q
2
1p1 − p2q2 + p2q
2
2 − β1 + q1β1 − β5 + q2β5 − β6)
g1
,
−
g1(q1p
2
1 − q
2
1p
2
1 + p2p1q2 − p2p1q
2
2 + β
2
1 − p1β3 + q1p1β3 + β1β3 + q1p1β5 − p1q2β5 + β1β5 + q1p1β6 + β1β6)
(−q1p1 + q21p1 − p2q2 + p2q
2
2 + q1β1 + β3 + q2β5)(−q1p1 + q
2
1p1 − p2q2 + p2q
2
2 − β1 + q1β1 − β5 + q2β5 − β6)
,
q2(−q1p1 + q
2
1p1 − p2q2 + p2q
2
2 − β1 + q1β1 − β5 + q2β5 − β6)
g2
,
−
g2(p2q1p1 − p2q
2
1p1 + p
2
2q2 − p
2
2q
2
2 − p2q1β1 + p2q2β1 − p2β3 + p2q2β3 + β1β5 + β3β5 + β
2
5 + p2q2β6 + β5β6)
(−q1p1 + q21p1 − p2q2 + p2q
2
2 + q1β1 + β3 + q2β5)(−q1p1 + q
2
1p1 − p2q2 + p2q
2
2 − β1 + q1β1 − β5 + q2β5 − β6)
,
t, s;β0, β1, β1 + β2 + β3 + β5 + β6,−β1 − β5 − β6, β1 + β3 + β4 + β5 + β6, β5,−β1 − β3 − β5),
s4 : (∗)→
(
q1, p1, q2, p2 −
β4
q2 − s
, t, s;β0, β1, β2, β3,−β4, β5 + β4, β6
)
,
s5 : (∗)→
(
q1, p1, q2 +
β5
p2
, p2, t, s;β0 + β5, β1, β2, β3 + β5, β4 + β5,−β5, β6 + β5
)
,
s6 : (∗)→ (1− q1,−p1, 1− q2,−p2, 1− t, 1− s;β0, β1, β2, β6, β4, β5, β3) ,
s7 : (∗)→ (q2, p2, q1, p1, s, t;β0, β5, β4, β3, β2, β1, β6) ,
s8 : (∗)→ (1− q1,
q1p1 − q
2
1p1 + p2q2 − p2q
2
2 − β3 + q1β3 + q1β5 − q2β5 + q1β6
(−1 + q1)q1
,
(−1 + s)(−1 + q1)q2
sq1 + q2 − sq2 − q1q2
,
−
(sq1 + q2 − sq2 − q1q2)(−sp2q1 − p2q2 + sp2q2 + p2q1q2 − β5 + sβ5 + q1β5)
(−1 + s)s(−1 + q1)q1
,
1− t, 1− s;β4, β1 + β3 + β5 + β6, β2,−β5 − β6, β0, β5,−β3 − β5),
s9 := s7 ◦ s8 ((s9)
6 = 1),
(54)
where
g1 := −q1p1 + q
2
1p1 − p2q2 + p2q
2
2 + β3 − q1β3 − q1β5 + q2β5 − q1β6,
g2 := −q1p1 + q
2
1p1 − p2q2 + p2q
2
2 + q1β1 − q2β1 + β3 − q2β3 − q2β6.
We note that the subgroup < s0, s1, . . . , s5 > generated by s0, s1, . . . , s5 is isomorphic to the affine Weyl
group of type A
(1)
5 (see Appendix B in [35]), and the transformation s6 was found by Professor K. Fuji
in Kobe university in August 2012.
Finally, let us define the following translation operators:
T1 := (s2s9s9s1)
4, T2 := s1T1s1, T3 := s5T1s5.(55)
These translation operators act on parameters βi as follows:
T1(β0, β1, . . . , β6) =(β0, β1, . . . , β6) + (0,−1, 1, 0,−1, 1, 0),
T2(β0, β1, . . . , β6) =(β0, β1, . . . , β6) + (−1, 1, 0,−1,−1, 1,−1),
T3(β0, β1, . . . , β6) =(β0, β1, . . . , β6) + (1,−1, 1, 1, 0,−1, 1).
(56)
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Finally, we remark some holomorphy conditions of the system (45).
Hamiltonians H
(1)
04 = r04(H
FS
1 ), H
(2)
04 = r04(H
FS
2 − p1− p2), r04 : x = −((q1− q2)p1−
β0)p1, y =
1
p1
, z = −((q2 − s)(p2 + p1)− β4)(p2 + p1), w =
1
p2+p1
r040 : x0 = −(q1p1 − β0)p1, y0 =
1
p1
, z0 = q2, w0 = p2,
r041 : x1 = −(q1p1 − β1 − β0)p1, y1 =
1
p1
, z1 = q2, w1 = p2,
r042 : x2 = q1 − q2 +
2q1p1 + β2 − (β0 + β4)
p1
+
t− s
p21
, y2 = p1, z2 = q2p
2
1 w2 =
p2 − p1
p21
,
r043 : x3 = q1p2, y3 =
p1
p2
, z3 = q2 +
q1p1 + β3 − (β0 + β4)
p2
−
s
p22
, w3 = p2,
r044 : x4 = q1, y4 = p1, z4 = −(q2p2 − β4)p2, w4 =
1
p2
,
r045 : x5 =
1
q1
, y5 = −((p1 − p2)q1 + β5)q1, z5 = q2 + q1, w5 = p2,
r046 : x6 = q1p2, y6 =
p1
p2
, z6 = q2 +
q1p1 + β6 − (β0 + β4)
p2
−
s− 1
p22
, w6 = p2,
where r042
(
H
(1)
04 −
1
p1
)
, r042
(
H
(2)
04 +
1
p1
)
, r043
(
H
(2)
04 +
1
p2
)
, r046
(
H
(2)
04 +
1
p2
)
.
Hamiltonians H
(1)
045 = r
04
5 (H
(1)
04 ), H
(2)
045 = r
04
5 (H
(2)
04 )
r0450 : x0 =
1
q1
, y0 = −(p1q1 + β0 + β5)q1, z0 = q2, w0 = p2,
r0451 : x1 =
1
q1
, y1 = −(p1q1 + β1 + β0 + β5)q1, z1 = q2, w1 = p2,
r0452 : x2 = x5w
2
5, y2 =
y5
w25
, z2 = z5 +
2x5y5 + β2 − (β0 + β4)
w5
+
t− s
w25
w2 = w5,
r0453 : x3 =
q1
p2
, y3 = p1p2, z3 = q2 −
q1p1 − β3 + β0 + β4 + β5
p2
−
s
p22
, w3 = p2,
r0454 : x4 = q1, y4 = p1 −
β4q2
q1q2 − 1
, z4 = q2, w4 = p2 −
β4q1
q1q2 − 1
,
r0455 : x5 =
1
q1
, y5 = −(p1q1 + β5)q1, z5 = q2, w5 = p2,
r0456 : x6 =
q1
p2
, y6 = p1p2, z6 = q2 −
q1p1 − β6 + β0 + β4 + β5
p2
−
s− 1
p22
, w6 = p2,
where r0452
(
r0455 (H
(1)
045)−
1
w5
)
, r0452
(
r0455 (H
(2)
045) +
1
w5
)
, r0453
(
H
(2)
045 +
1
p2
)
, r0456
(
H
(2)
045 +
1
p2
)
.
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Hamiltonians H
(1)
15 = r01
(
− 1
T 2
HFS1
)
, H
(2)
15 = r15
(
− 1
S2
HFS2
)
, r15 : Q1 =
1−q1
q1
, P1 =
−(p1q1 + β1)q1, Q2 =
1−q2
q2
, P2 = −(p2q2 + β5)q2, T =
1−t
t
, S = 1−s
s
r150 : x0 = −((q1 − q2)p1 − β0)p1, y0 =
1
p1
, z0 = q2, w0 = p2 + p1,
r151 : x1 =
1
q1
, y1 = −(q1p1 + β1)q1, z1 = q2, w1 = p2,
r152 : x2 = −((q1 − t)p1 − β2)p1, y2 =
1
p1
, z2 = q2, w2 = p2,
r153 : x3 =
1
q1
, y3 = −(p1q1 + p2q2 + β3 + β1 + β5)q1, z3 =
q2
q1
, w3 = p2q1,
r154 : x4 = q1, y4 = p1, z4 = −((q2 − s)p2 − β4)p2, w4 =
1
p2
,
r155 : x5 = q1, y5 = p1, z5 =
1
q2
, w5 = −(p2q2 + β5)q2,
r156 : x6 = −(q1p1 + q2p2 − β6)p1, y6 =
1
p1
, z6 = q2p1, w6 =
p2
p1
,
where r152
(
H
(1)
15 − p1
)
, r154
(
H
(2)
15 − p2
)
.
Hamiltonians H
(1)
150 = r
15
0
(
H
(1)
15
)
, H
(2)
150 = r
15
0
(
H
(2)
15
)
r1500 : x0 = −(q1p1 − β0)p1, y0 =
1
p1
, z0 = q2, w0 = p2,
r1501 : x1 = −(q1p1 − β1 − β0)p1, y1 =
1
p1
, z1 = q2, w1 = p2,
r1502 : x2 = q1 +
β2 − β0
p1
+
t− q2
p21
, y2 = p1, z2 = q2, w2 = p2 −
1
p1
,
r1503 : x3 = −(q1p1 − q2p2 − β3 − β0 − β1 − β5)p1, y3 =
1
p1
, z3 =
q2
p1
, w3 = p2p1,
r1504 : x4 = q1, y4 = p1, z4 = −((q2 − s)p2 − β4)p2, w4 =
1
p2
,
r1505 : x5 = q1 +
β5p2
p1p2 − 1
, y5 = p1, z5 = q2 +
β5p1
p1p2 − 1
, w5 = p2,
r1506 : x6 =
1
q1
, y6 = −(p1q1 − p2q2 + β6 − β0)q1, z6 = q2q1, w6 =
p2
q1
,
where r1502
(
H
(1)
150 −
1
p1
)
, r1504
(
H
(2)
150 − p2
)
.
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Hamiltonians H
(1)
1503 = sr3
(
H
(1)
150
)
, H
(2)
1503 = sr3
(
H
(2)
150
)
, sr3 : Q1 = q1, P1 = p1 −
q2p2+β3+β0+β1+β5
q1
, Q2 = q2q1, P2 =
p2
q1
r15030 : x0 = −(q1p1 + q2p2 − δ0)p1, y0 =
1
p1
, z0 = q2p1, w0 =
p2
p1
,
r15031 : x1 = −(q1p1 + q2p2 − δ1 − δ0)p1, y1 =
1
p1
, z1 = q2p1, w1 =
p2
p1
,
r15032 : x2 = q1 +
q2
t
+
2q2p2 + 2δ2
p1
+
t
p21
, y2 = p1, z2 = q2p
2
1, w2 =
p2 +
p1
t
p21
,
r15033 : x3 =
1
q1
, y3 = −(p1q1 + δ3)q1, z3 = q2, w3 = p2,
r15034 : x4 = −
((
q1 −
1
s
q2
)
p1 − δ4
)
p1, y4 =
1
p1
, z4 = q2, w4 = p2 +
1
s
p1,
r15035 : x5 = q1p2, y5 =
p1
p2
, z5 = q2 +
q1p1 + 2δ5
p2
−
1
p22
, w5 = p2,
r15036 : x6 = −(q1p1 + q2p2 − δ6 − δ1 − δ0)p1, y6 =
1
p1
, z6 = q2q1, w6 =
p2
q1
,
where r15032
(
H
(1)
1503 +
p1q2
t2
− 1
p1
)
, r15034
(
H
(2)
1503 +
p1q2
s2
)
.
Here, δj (j = 0, 1, . . . , 6) are complex constant parameters satisfying the parameter’s
relation:
β0 = −δ6, β1 = −δ1, β2 = 2δ0 + 2δ1 + 2δ2 + δ6,
β3 = −2δ0 − δ1 − 2δ5 − δ6, β4 = δ4, β5 = δ0 + δ1 + 2δ5 + δ6, β6 = δ0 + δ1 + δ3,
(57)
3δ0 + 2δ1 + 2δ2 + δ3 + δ4 + 2δ5 + δ6 = 1.(58)
We remark that the transformations r15032 , r
1503
5 are not its auto-Ba¨cklund transformations.
It is still an open question whether the transformations r15032 , r
1503
5 can be considered as
each transformation denoted by the symbol ⊙ in the Oshima’s paper (see [20]).
It is also still an open question whether we can obtain the Hamiltonian system with
H
(1)
1503, H
(2)
1503 by solving 3 × 3 Lax pair (cf. [22, 20]) satisfying the following Riemann
scheme: 

X = 0 X = 1 X = t X =∞
0
θ01
θ02
0
0
θ1
0
0
θt
θ∞1
θ∞2
θ∞3

 .
8. Appendix E: 5-parameter family of polynomial Hamiltonian system
Holomorphy conditions
Define birational and symplectic transformations ri (i = 0, 1, . . . , 5) as follows:
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r0 : (x0, y0, z0, w0) =
(
1
q1
,−(q1p1 + α0)q1, q2, p2
)
,
r1 : (x1, y1, z1, w1) =
(
q1, p1,
1
q2
,−(p2q2 + α1)q2
)
,
r2 : (x2, y2, z2, w2) =
(
−((q1 − q2)p1 − α2)p1,
1
p1
, q2, p2 + p1
)
,
r3 : (x3, y3, z3, w3) =
(
−((q1 − 1)p1 + (q2 − 1)p2 − α3)p1,
1
p1
, (q2 − 1)p1,
p2
p1
)
,
r4 : (x4, y4, z4, w4) =
(
−(q1p1 + q2p2 − α4)p1,
1
p1
, q2p1,
p2
p1
)
,
r5 : (x5, y5, z5, w5) =
(
−((q1 − t)p1 + (q2 − s)p2 − α5)p1,
1
p1
, (q2 − s)p1,
p2
p1
)
.
(59)
There exist two polynomials H1 and H2, such that the Hamiltonian system
(60)


dq1 =
∂H1
∂p1
dt+
∂H2
∂p1
ds, dp1 = −
∂H1
∂q1
dt−
∂H2
∂q1
ds,
dq2 =
∂H1
∂p2
dt+
∂H2
∂p2
ds, dp2 = −
∂H1
∂q2
dt−
∂H2
∂q2
ds
is transformed into a polynomial Hamiltonian system under the action of each ri (i =
0, 1, . . . , 5), where two polynomial Hamiltonians H1, H2 are given by (cf. [35, 22, 19])
(3α0 + 3α1 + 2α2 + α3 + α4 + 2α5)t(t− 1)(t− s)H1
= H˜V I(q1, p1, t, s;α5, α0 + 3α1 + 2α2 + α5, α0, α3 + α1, α4 − α1)
+ H˜V I(q2, p2, t, s; 3α0 + α1 + 2α2 + α5, α5, α1, α3 + α0, α4 − α0)
+ {2q21q
2
2 − ((3t− s+ 1)q1 − t(s+ 2) + 2st)q
2
2 − ((3s− t+ 1)q2 − s(t+ 2) + 2ts)q
2
1
+ st(4q1q2 − q1 − q2)}p1p2 + α0{2q1q
2
2 + (−3s+ t− 1)q1q2 − (t− 2)sq1 + (s− 2)tq2 + st}p2
+ α1{2q
2
1q2 + (−3t+ s− 1)q1q2 + s(t− 2)q1 − t(s− 2)q2 + st}p1 + 2α0α1q1q2,
H2 = pi(H1), pi = {q1 ↔ q2, p1 ↔ p2, t↔ s, α0 ↔ α1}.
(61)
The symbol H˜V I(q, p, t, η; γ0, γ1, γ2, γ3, γ4) denotes (see [14])
H˜V I(q, p, t, η; γ0, γ1, γ2, γ3, γ4)
= q(q − 1)(q − η)(q − t)p2 + {γ1(t− η)q(q − 1) + 2γ2q(q − 1)(q − η)
+ γ3(t− 1)q(q − η) + γ4t(q − 1)(q − η)}p
+ γ2{(γ1 + γ2)(t− η) + γ2(q − 1) + γ3(t− 1) + tγ4}q, (γ0 + γ1 + 2γ2 + γ3 + γ4 = 1).
(62)
We note that the holomorphy conditions should be read that in the Hamiltonian H1
r5(H1 − p1)
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are polynomials with respect to x5, y5, z5, w5, and in the Hamiltonian H2
r5(H2 − p2)
are polynomials with respect to x5, y5, z5, w5.
Completely integrable
Proposition 8.1. Setting
(63) K1 := −H1 +
α4(α0 + α1)(Log(s− t)− Log(s− 1))
(3α0 + 3α1 + 2α2 + α3 + α4 + 2α5)(t− 1)2
, K2 := −H2.
Two Hamiltonians K1 and K2 satisfy
(64) {K1,K2}+
(
∂
∂s
)
K1 −
(
∂
∂t
)
K2 = 0,
where {, } denotes the Poisson brackets:
(65) {L1, L2} =
∂L1
∂p1
∂L2
∂q1
−
∂L1
∂q1
∂L2
∂p1
+
∂L1
∂p2
∂L2
∂q2
−
∂L1
∂q2
∂L2
∂p2
.
Symmetry
With the notation (∗) := (q1, p1, q2, p2, t, s;α0, α1, α2, α3, α4, α5);
s0 : (∗) →
(
q1 +
α0
p1
, p1, q2, p2, t, s;−α0, α1, α2 + α0, α3 + α0, α4 + α0, α5 + α0
)
,
s1 : (∗) →
(
q1, p1, q2 +
α1
p2
, p2, t, s;α0,−α1, α2 + α1, α3 + α1, α4 + α1, α5 + α1
)
,
s2 : (∗) →
(
q1, p1 −
α2
q1 − q2
, q2, p2 +
α2
q1 − q2
, t, s;α0 + α2, α1 + α2,−α2, α3 − α2, α4 − α2, α5
)
,
s3 : (∗) → (1− q1,−p1, 1− q2,−p2, 1− t, 1− s;α0, α1, α2, α4, α3, α5) ,
s4 : (∗) → (
q1(−q1p1 + q21p1 − p2q2 + p2q
2
2 − α0 + q1α0 − α1 + q2α1 − α3)
g1
,
−g1(q1p21 − q
2
1p
2
1 + p2p1q2 − p2p1q
2
2 + α
2
0 + q1p1α1 − p1q2α1 + α0α1 + q1p1α3 + α0α3 − p1α4 + q1p1α4 + α0α4)
(−q1p1 + q21p1 − p2q2 + p2q
2
2 − α0 + q1α0 − α1 + q2α1 − α3)(−q1p1 + q
2
1p1 − p2q2 + p2q
2
2 + q1α0 + q2α1 + α4)
,
q2(−q1p1 + q21p1 − p2q2 + p2q
2
2 − α0 + q1α0 − α1 + q2α1 − α3)
g2
,
−g2(p2q1p1 − p2q21p1 + p
2
2q2 − p
2
2q
2
2 − p2q1α0 + p2q2α0 + α0α1 + α
2
1 + p2q2α3 + α1α3 − p2α4 + p2q2α4 + α1α4)
(−q1p1 + q21p1 − p2q2 + p2q
2
2 − α0 + q1α0 − α1 + q2α1 − α3)(−q1p1 + q
2
1p1 − p2q2 + p2q
2
2 + q1α0 + q2α1 + α4)
,
t, s;α0, α1, α2,−α0 − α1 − α4,−α0 − α1 − α3, α0 + α1 + α3 + α4 + α5),
s5 : (∗) → (
q1(−stq1p1 + sq21p1 − stp2q2 + tp2q
2
2 − stα0 + sq1α0 − stα1 + tq2α1 − stα5)
g3
,
−g3(stq1p21 − sq
2
1p
2
1 + stp2p1q2 − tp2p1q
2
2 + sα
2
0 + sq1p1α1 − tp1q2α1 + sα0α1 − stp1α4 + sq1p1α4 + sα0α4 + sq1p1α5 + sα0α5)
(−stq1p1 + sq21p1 − stp2q2 + tp2q
2
2 + sq1α0 + tq2α1 + stα4)(−stq1p1 + sq
2
1p1 − stp2q2 + tp2q
2
2 − stα0 + sq1α0 − stα1 + tq2α1 − stα5)
,
q2(−stq1p1 + sq21p1 − stp2q2 + tp2q
2
2 − stα0 + sq1α0 − stα1 + tq2α1 − stα5)
g4
,
−g4(stp2q1p1 − sp2q21p1 + stp
2
2q2 − tp
2
2q
2
2 − sp2q1α0 + tp2q2α0 + tα0α1 + tα
2
1 − stp2α4 + tp2q2α4 + tα1α4 + tp2q2α5 + tα1α5)
(−stq1p1 + sq21p1 − stp2q2 + tp2q
2
2 + sq1α0 + tq2α1 + stα4)(−stq1p1 + sq
2
1p1 − stp2q2 + tp2q
2
2 − stα0 + sq1α0 − stα1 + tq2α1 − stα5)
,
t, s;α0, α1, α0 + α1 + α2 + α4 + α5, α0 + α1 + α3 + α4 + α5,−α0 − α1 − α5,−α0 − α1 − α4),
s6 : (∗) → (q2, p2, q1, p1, s, t;α1, α0, α2, α3, α4, α5) ,
(66)
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where
g1 := −q1p1 + q
2
1p1 − p2q2 + p2q
2
2 − q1α1 + q2α1 − q1α3 + α4 − q1α4,
g2 := −q1p1 + q
2
1p1 − p2q2 + p2q
2
2 + q1α0 − q2α0 − q2α3 + α4 − q2α4,
g3 := −stq1p1 + sq
2
1p1 − stp2q2 + tp2q
2
2 − sq1α1 + tq2α1 + stα4 − sq1α4 − sq1α5,
g4 := −stq1p1 + sq
2
1p1 − stp2q2 + tp2q
2
2 + sq1α0 − tq2α0 + stα4 − tq2α4 − tq2α5.
Finally, we remark some holomorphy conditions of the system (60).
Hamiltonians L
(1)
01 = r01
(
− 1
T 2
H1
)
, L
(2)
01 = r01
(
− 1
S2
H2
)
, r01 : Q1 =
1
q1
, P1 =
−(q1p1 + α0)q1, Q2 =
1
q2
, P2 = −(p2q2 + α1)q2, T =
1
t
, S = 1
s
r010 : x0 =
1
q1
, y0 = −(q1p1 + α0)q1, z0 = q2, w0 = p2,
r011 : x1 = q1, y1 = p1, z1 =
1
q2
, w1 = −(p2q2 + α1)q2,
r012 : x2 = −((q1 − q2)p1 − α2)p1, y2 =
1
p1
, z2 = q2, w2 = p2 + p1,
r013 : x3 = −((q1 − 1)p1 + (q2 − 1)p2 − α3)p1, y3 =
1
p1
, z3 = (q2 − 1)p1, w3 =
p2
p1
,
r014 : x4 =
1
q1
, y4 = −(p1q1 + p2q2 + α4 + α0 + α1)q1, z4 =
q2
q1
, w4 = p2q1,
r015 : x5 = −((q1 − t)p1 + (q2 − s)p2 − α5)p1, y5 =
1
p1
, z5 = (q2 − s)p1, w5 =
p2
p1
,
where r015
(
L
(1)
01 − p1
)
, r015
(
L
(2)
01 − p2
)
.
Here, for notational convenience, we have renamed (Q1, P1, Q2, P2, T, S) to (q1, p1, q2, p2, t, s)
(which are not the same as the previous (q1, p1, q2, p2, t, s)).
Hamiltonians L
(1)
014 = r
01
4
(
− 1
T 2
L
(1)
01 −
S
T 2
L
(2)
01
)
, L
(2)
014 = r
01
4
(
1
T
L
(2)
01
)
, r014 : Q1 =
1
q1
, P1 = −(p1q1 + p2q2 + α4 + α0 + α1)q1, Q2 =
q2
q1
, P2 = p2q1, T =
1
t
, S = s
t
r0140 : x0 = q1p2, y0 =
p1
p2
, z0 = −(p2q2 + p1q1 + α1 + α4)p2, w0 =
1
p2
,
r0141 : x1 = q1, y1 = p1, z1 =
1
q2
, w1 = −(p2q2 + α1)q2,
r0142 : x2 = q1, y2 = p1, z2 = −((q2 − 1)p2 − α2)p2, w2 =
1
p2
,
r0143 : x3 = −((q1 − 1)p1 + (q2 − 1)p2 − α3)p1, y3 =
1
p1
, z3 = (q2 − 1)p1, w3 =
p2
p1
,
r0144 : x4 =
1
q1
, y4 = −(p1q1 + p2q2 + α4 + α0 + α1)q1, z4 =
q2
q1
, w4 = p2q1,
r0145 : x5 = −((q1 − t)p1 + (q2 − s)p2 − α5)p1, y5 =
1
p1
, z5 = (q2 − s)p1, w5 =
p2
p1
,
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where r0145
(
L
(1)
014 − p1
)
, r0145
(
L
(2)
014 − p2
)
.
Hamiltonians L1 = r
014
0
(
L
(1)
014
)
, L2 = r
014
0
(
L
(2)
014
)
R0 : x0 = q1p2, y0 =
p1
p2
, z0 = −(p2q2 + p1q1 + α1 + α4)p2, w0 =
1
p2
,
R1 : x1 = q1, y1 = p1, z1 = −(q2p2 − α0)p2, w1 =
1
p2
,
R2 : x2 = q1p2, y2 =
p1
p2
, z2 = q2 +
q1p1 + α2 + α1 + α4
p2
+
1
p22
, w2 = p2,
R3 : x3 = q1 −
1
p2
, y3 = p1, z3 = q2 +
α3 + α1 + α4
p2
+
p1 + 1
p22
, w3 = p2,
R4 : x4 = q1p2, y4 =
p1
p2
, z4 = −(p2q2 + p1q1 + α4)p2, w4 =
1
p2
,
R5 : x5 = q1 −
t
p2
, y5 = p1, z5 = q2 +
α5 + α1 + α4
p2
+
tp1 + s
p22
, w5 = p2,
where R5
(
L1 −
p1
p2
)
, R5
(
L2 −
1
p2
)
. We remark that the transformation R2 is not its
auto-Ba¨cklund transformation. It is still an open question whether the transformation R2
can be considered as a transformation denoted by the symbol ⊙ in the Oshima’s paper
(see [20]).
It is still an open question whether we can obtain the Hamiltonian system with L1, L2 by solving 4 × 4 Lax
pair (cf. [22, 20]) satisfying the following Riemann scheme:
(67)


X = 0 X = 1 X = t X =∞
0
0
θ1
θ1
0
0
θ2
θ2
0
0
θ3
θ3
0
α4
α4 + α1
α0


.
Here, we will conjecture the following relations between Riemann data and Holomorphy conditions Ri (i =
0, 1, . . . , 5);

X = 0, 1, t
0
0
θ
θ


⇐⇒ Holomorphy conditions R2, R3, R5,


X =∞
0
α4
α4 + α1
α0


⇐⇒ Holomorphy conditions


R4
R0
R1

 .
Setting (X,Y, Z,W ) = (q1p2, p1, q2p
2
2, p2), we will see the following relations;
Holomorphy condition R2 ⇐⇒ Accessible sing. (X,Y, Z,W ) = (X, 0,−1, 0), Local index:


0
1
2
1

,
Holomorphy condition R3 ⇐⇒ Accessible sing. (X,Y, Z,W ) = (1, Y,−1− Y, 0), Local index:


1
0
2
1

,
34 BY YUSUKE SASANO
Holomorphy condition R5 ⇐⇒ Accessible sing. (X,Y, Z,W ) = (t, Y,−s− tY, 0), Local index:


1
0
2
1

.
We remark that
well-known Holomorphy condition R : x = q1, y = p1, z = q2 +
α
p2
+ η
p2
2
, w = p2
⇐⇒ Accessible sing. (X,Y, Z,W ) = (0, Y,−η, 0), Local index:


1
0
2
1

.
We note that we will make Holomorphy condition R2.
Step 0: We make a change of variables:
X = q1p2, Y = p1, Z = q2p
2
2, W = p2.
Step 1: We blow up along the curve {(X,Y, Z,W )|Y = 0, Z = −1, W = 0}:
X
(1) = X, Y (1) =
Y
W
, Z
(1) =
Z + 1
W
, W
(1) = W.
Step 2: We blow up along the surface {(X(1), Y (1), Z(1),W (1))|Z(1) = −(X(1)Y (1)+α2+α1+α4), W
(1) = 0}:
X
(2) = X(1), Y (2) = Y (1), Z(2) =
Z(1) +X(1)Y (1) + α2 + α1 + α4
W (1)
, W
(2) = W (1).
By taking the coordinate system as
(x2, y2, z2, w2) = (X
(2)
, Y
(2)
, Z
(2)
,W
(2)),
we can obtain the coordinate system R2.
We also note that we will make Holomorphy condition R3.
Step 0: We make a change of variables:
X = q1p2, Y = p1, Z = q2p
2
2, W = p2.
Step 1: We blow up along the curve {(X,Y, Z,W )|X = 1, Z = −1− Y, W = 0}:
X
(1) =
X − 1
W
, Y
(1) = Y, Z(1) =
Z + 1 + Y
W
, W
(1) = W.
Step 2: We blow up along the surface {(X(1), Y (1), Z(1),W (1))|Z(1) = −(α3 + α1 + α4), W
(1) = 0}:
X
(2) = X(1), Y (2) = Y (1), Z(2) =
Z(1) + α3 + α1 + α4
W (1)
, W
(2) = W (1).
By taking the coordinate system as
(x3, y3, z3, w3) = (X
(2)
, Y
(2)
, Z
(2)
,W
(2)),
we can obtain the coordinate system R3.
It is still an open question whether in Lax pair theory we can distinguish Holomorphy conditions R,R3, R5
from Holomorphy condition R2 or not.
Setting (X ′, Y ′, Z′,W ′) =
(
q1,
p1
p2
, q2,
1
p2
)
, we will see the following relations;
Holomorphy condition R1 ⇐⇒ Accessible sing. (X
′, Y ′, Z′,W ′) = (X ′, 0, 0, 0), Local index:


0
1
2
1

,
Holomorphy condition R4 ⇐⇒ Accessible sing. (X
′, Y ′, Z′,W ′) = (0, Y ′, 0, 0), Local index:


1
0
2
1

.
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It is also still an open question whether in Lax pair theory we can distinguish Holomorphy condition R1 from
Holomorphy condition R4 or not.
9. Appendix F: Holomorphy of Garnier system
In this appendix, we remark some holomorphy conditions of the system (3).
Hamiltonians H
(1)
24 = r24(H1), H
(2)
24 = r24(H2−p1), r24 : x = −((q1−s)p1−α4)p1, y =
1
p1
, z = −(q2p2 − α2)p2, w =
1
p2
r240 : x0 = −(q1p1 + q2p2 − (α0 + α2 + α4))p1, y0 =
1
p1
, z0 = q2p1, w0 =
p2
p1
,
r241 : x1 = q1, y1 = p1, z1 = q2 +
α1 − α2
p2
+
1
p22
, w1 = p2,
r242 : x2 = q1, y2 = p1, z2 = −(q2p2 − α2)p2 w2 =
1
p2
,
r243 : x3 = q1 + q2 +
2q2p2 + α3 − α2 − α4
p1
−
s
p21
, y3 = p1, z3 = q2p
2
1, w3 =
p2 + p1
p21
,
r244 : x4 = −(q1p1 − α4)p1, y4 =
1
p1
, z4 = q2, w4 = p2,
r245 : x5 = q1 +
α5 − α4
p1
+
t− s
p21
, y5 = p1, z5 = q2, w5 = p2,
where r245
(
H
(1)
24 −
1
p1
)
, r243
(
H
(2)
24 +
1
p1
)
, r245
(
H
(2)
24 +
1
p1
)
.
Hamiltonians H
(1)
23 = r23(H1), H
(2)
23 = r23(H2), r23 : x = −((q1 − q2)p1 − α3)p1, y =
1
p1
, z = −(q2(p2 + p1)− α2)(p2 + p1), w =
1
p2+p1
r230 : x0 = −(q1p1 + q2p2 − (α0 + α2 + α3))p1, y0 =
1
p1
, z0 = q2p1, w0 =
p2
p1
,
r231 : x1 = q1, y1 = p1, z1 = q2 +
α1 − α2
p2
+
1
p22
, w1 = p2,
r232 : x2 = q1, y2 = p1, z2 = −(q2p2 − α2)p2 w2 =
1
p2
,
r233 : x3 = −(q1p1 − α3)p1, y3 =
1
p1
, z3 = q2, w3 = p2,
r234 : x4 = q1 − q2 +
2q2p2 + α4 − α2 − α3
p1
+
s
p21
, y5 = p1, z5 = q2p
2
1, w5 =
p2 − p1
p21
,
r235 : x5 = q1 − q2 +
2q2p2 + α5 − α2 − α3
p1
+
t
p21
, y5 = p1, z5 = q2p
2
1, w5 =
p2 − p1
p21
,
where r235
(
H
(1)
23 −
1
p1
)
, r234
(
H
(2)
24 −
1
p1
)
.
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